The semilattice congruences play an important role in studying the decomposition of semigroups -without order. When we pass from semigroups without order to ordered semigroups, the same role is played by the complete semilattice congruences. So, the complete semilattice congruences play an essential role in studying the structure, especially the decomposition of ordered semigroups. The characterization of complete semilattices of semigroups of a given type has been already considered by the same authors. Band congruences have been also proved to be useful in studying the decomposition of some types of ordered semigroups, especially the decomposition of t-archimedean ordered semigroups. In this paper we prove that an ordered semigroup S is a band of semigroups of a given type T if and only if it is decomposable into pairwise disjoint subsemigroups S α of S of type T indexed by a band B, such that S α S β ⊆ S αβ for all α, β ∈ B and S α ∩ (S β ] = ∅ implies α = αβ = βα.
Introduction-Preliminary Notes
The semilattice congruences play an important role in studying the structure, especially the decomposition of semigroups -without order (cf., for example, [1] , [5] ). In case of ordered semigroups, the same role is played by the complete semilattice congruences. So the complete semilattice congruences play an important role in studying the structure, especially the decomposition of ordered semigroups. The characterization of complete semilattices of semigroups of a given type has been already considered by the same authors in [3] . It has been proved in [3] that an ordered semigroup S is a complete semilattice of semigroups of a given type, say T , if and only if it is decomposable into pairwise disjoint subsemigroups S α of S of type T , indexed by a semilattice Y in such a way that: (1) S α S β ⊆ S αβ for all α, β ∈ Y and (2) If α, β ∈ Y such that S α ∩ (S β ] = ∅, then α = αβ(= βα). Band congruences have been proved to be useful in studying the structure of some ordered semigroups referring to the decomposition as, for example, the decomposition of some types of ordered semigroups into t-archimedean components [4] . Since a semilattice is a commutative semigroup, the problem in case of complete semilattice congruences is more natural, since in that case the semilattice (Y, .) endowed with the order := {(α, β) | α = αβ(= βα)} is an ordered semigroup. However, this is not the case for band congruences, for which the corresponding relation " " is just an order and the band endowed with the order " " is not an ordered semigroup (unless in the special case for which the band is a semilattice). In this paper we prove that an ordered semigroup S is a band of semigroups of a given type T if and only if it is decomposable into pairwise disjoint subsemigroups S α of S of type T , indexed by a band B, such that (1)
If S is an ordered semigroup, an equivalence relation σ on S is called a right
It is called a congruence on S if it is both a right and a left congruence on S. A congruence σ on S having the properties (a, a 2 ) ∈ σ and (ab, ba) ∈ σ for all a, b ∈ S, is called a semilattice congruence on S. A semilattice congruence σ on S is called complete if a ≤ b implies (a, ab) ∈ σ. In this paper, we first introduce the concept of a band congruence: A congruence σ on an ordered semigroup (S, ., ≤) is called a band congruence if a ≤ b implies (a, ab) ∈ σ and (a, ba) ∈ σ. One can easily see that a complete semilattice congruence is a band congruence. This is because a complete semilattice congruence σ has the property (ab, ba) ∈ σ for all a, b ∈ S. This together with the transitivity relation of σ shows that σ is a band congruence. An ordered semigroup S is called a band of semigroups of a given type, say T , if there exists a band congruence σ on S such that the σ-class (x) σ of S is a subsemigroup of S of type T for each x ∈ S. A semigroup (S, .) is called a band if every element of S is idempotent, i.e. a 2 = a for every a ∈ S. If (S, .) is a semigroup and the set E S of idempotent elements of S is nonempty, then the E S with the relation " " on E S defined by
is an ordered set. So if a semigroup (S, .) is a band, then the set S endowed with the relation
(that is x y if and only if x = xy = yx) is an ordered set (cf. also [1, p.24] ). We recall that if (S, .) is a band, then (S, ., ) is not an ordered semigroup, in general (unless in the special case when the multiplication on S is commutative). In any case, the present paper deals with pure bands. This is because if a band is commutative, then we deal with a semilattice, and the problem in that case has been already proved in [3] . In the following when we refer to an order on a band B, we always mean the order " " on B defined by a b if and only if a = ab = ba.
If (S, ., ≤) is an ordered semigroup and H ⊆ S, we denote by (H] the subset of S defined by
For ordered semigroups the congruences (and the semilattice congruences) are defined exactly as in semigroups without order. For a semigroup (or an ordered semigroup) S, we denote by (x) σ the σ-class of S containing x (x ∈ S). It is well known that if S is a semigroup and σ a congruence on S, then the set
, [2] ). In the sequel, the multiplication on S/σ is denoted by " • ".
Main Results
Definition 2.1. Let (S, ., ≤) be an ordered semigroup. A band congruence on S is a congruence σ on S such that
Remark 2.2. Let (S, ., ≤) be an ordered semigroup and σ a band congruence on S. Then we have the following:
is a band. Indeed: As we have already seen (S/σ, •) is a semigroup, and by (2), it is a band. (4) (a) σ is a subsemigroup of S for all a ∈ S. Indeed: Let a ∈ S. Clearly,
Since σ is a congruence on S, we have (xy, a 2 ) ∈ σ. By (1), (a 2 , a) ∈ σ. Thus we have (xy, a) ∈ σ, and xy ∈ (a) σ .
Since σ is a band congruence on S, we have (a, ab) ∈ σ and (a, ba) ∈ σ. Since σ is a congruence, it is symmetric, so we have (ab, a) ∈ σ. Then, since σ is transitive, we have (ab, ba) ∈ σ. Remark 2.3. If σ is a band congruence on an ordered semigroup (S, ., ≤) then, as we have already seen in Remark 2.2, (S/σ, •) is a band. So the set S/σ with the relation " " on S/σ defined by:
is an ordered set. Moreover, since σ is a band congruence, we have 
Definition 2.4. Let (A, .), (B, * ) be two groupoids and " ≤ A ", " ≤ B " order relations on A and B, respectively. A mapping
Proof.
(1) =⇒ (2). Let σ be a band congruence on S such that (x) σ is a subsemigroup of S of type T for every x ∈ S. As we have already seen in Remark 2.2, (S/σ, •) is a band. We consider the mapping:
The mapping f is a homomorphism. Indeed: If x, y ∈ S, then f (xy) :
3). The mapping f is clearly an onto mapping. Let now β ∈ S/σ and let x ∈ S such that (x) σ = β. We have
is a subsemigroup of S of type T for every β ∈ S/σ, and (2) is satisfied. 
On the other hand, since x ≤ y and f is a homomorphism, we have f (x) f (y). Therefore we have α β.
(4) =⇒ (1). We define a relation "σ" on S as follows:
Then we have the following: (A) σ is a band congruence on S. In fact:
The relation σ is clearly symmetric. Let (x, y) ∈ σ, (y, z) ∈ σ. Then there exists α ∈ B such that x, y ∈ S α and β ∈ B such that y, z ∈ S β . If α = β, then y ∈ S α ∩ S β = ∅ which is impossible. Thus we have α = β, then S α = S β , and x, y ∈ S α . Therefore we have (x, z) ∈ σ. Let (x, y) ∈ σ, z ∈ S. Then (xz, yz) ∈ σ. Indeed: Since (x, y) ∈ σ, there exists α ∈ B such that x, y ∈ S α . Since z ∈ S, we have z ∈ S β for some β ∈ B. By hypothesis, we have xz, yz ∈ S α S β ⊆ S α * β , where α * β ∈ B, so (xz, yz) ∈ σ. In a similar way we prove that σ is a left congruence on S. Let x ≤ y. Then (x, xy) ∈ σ and (x, yx) ∈ σ. Indeed: Since x ∈ S, there exists α ∈ B such that x ∈ S α . Since y ∈ S, there exists β ∈ B such that y ∈ S β . Since S x ≤ y ∈ S β , we have x ∈ (S β ]. Hence we have x ∈ S α ∩ (S β ]. Then, by (IV), we get α β i.e. α = α * β = β * α. By (III), we have xy ∈ S α S β ⊆ S α * β = S α and yx ∈ S β S α ⊆ S β * α = S α . Since x, xy ∈ S α , α ∈ B, we have (x, xy) ∈ σ. Since x, yx ∈ S α , α ∈ B, we have (x, yx) ∈ σ. Therefore the relation σ is a band congruence on S.
(B) Let x ∈ S. Then (x) σ is a subsemigroup of S of type T . In fact: Let x ∈ S α for some α ∈ B. We have (x) σ = S α . Indeed: Let y ∈ (x) σ . Since (y, x) ∈ σ, there exists β ∈ B such that y, x ∈ S β . If α = β, then x ∈ S α ∩ S β = ∅ which is impossible. Thus we have α = β, and y ∈ S α . Let now y ∈ S α . Since x, y ∈ S α , where α ∈ B, we have (x, y) ∈ σ, then y ∈ (y) σ = (x) σ . Remark 2.7. In Theorem 2.6 condition (2) is stated only for emphasis. Clearly if f −1 ({β}) is a subsemigroup of S for every β ∈ B, then f −1 ({β}) = ∅ ∀β ∈ B, and so the mapping f is onto.
